Experiments with an electric motor provide good opportunity to demonstrate some basic laws of electricity and magnetism. The aim of the experiments with a low-power dc motor is to show how the motor approaches its steady rotation and how its torque, mechanical power and efficiency depend on the rotation velocity. The tight relationship between the mechanical and electrical parameters of the motor is clearly seen. The measurements are carried out with the ScienceWorkshop data-acquisition system and the DataStudio software from PASCO scientific. The experiments are well related to university courses of electricity and magnetism and can be used in undergraduate laboratories or for lecture demonstrations.
Introduction
Like any electrical machine, a dc motor is a good teaching resource illustrating some fundamental laws of electromagnetism. Many papers have been devoted to this issue, and only some recent papers can be listed here (Gluskin 1998 , Kraftmakher 2001 , Yap and MacIsaac 2006 , Lyna et al 2007 , Ng et al 2009 . We consider a simple dc motor, where the stator is a permanent magnet, while the rotor contains a winding connected to a dc source of constant voltage. A commutator and brushes serve for properly operating the motor (e.g. Smith 1984 , Hecht 1994 , Bobrow 1996 , Jewett and Serway 2008 .
When a dc current flows through the rotor winding, the interaction between this current and the permanent magnet (Lorentz's force) causes the rotor to rotate. Due to the rotation, an EMF is created in the winding (Faraday's law). This EMF e opposes the applied voltage (Lenz's law) and is therefore called the back EMF (or counter EMF). During the acceleration of the rotor, the back EMF gradually increases. When a dc voltage V is applied to the rotor winding, the current i in the winding is governed by Kirchhoff's loop rule:
where L and R are the inductance and resistance of the winding, respectively. Under steadystate conditions, the current in the winding is i = (V − e)/R. The current decreases with increasing rotation velocity. If a heavy load jams the rotor, the current in the winding may dramatically increase and overheat the motor (Hewitt 2003 , Whitaker 2009 , Turner 2009 ).
Model of dc motor
The mechanical power P produced by the motor is proportional to the rotation velocity ω = 2πf (f is the rotation frequency) and the torque T developed: P = ωT. A good approximation for a dc motor with a permanent magnet is a model assuming a linear dependence of the torque on the rotation velocity (Smith 1984) . Two basic points define this dependence: the stall torque T s (the torque reaches a maximum, but the shaft is not rotating) and the maximum rotation velocity ω n when no load is applied to the shaft (figure 1). The maximum torque is achieved when the rotation velocity approaches zero because the back EMF vanishes and the current in the winding reaches a maximum value limited by the applied voltage and resistance of the winding. Since the mechanical power P is proportional to both the torque and the rotation velocity, the power is zero at both basic points. Accepting the linear model, we have
and
Thus, the mechanical power, including the power of the friction losses, is a quadratic function of the rotation velocity. A maximum of the power is achieved at ω = ω n /2 and equals ω n T s /4. The above relations are similar to those for the output voltage and useful electric power of a battery (T is an analogue to the output voltage, T s to the EMF of the battery, ω to the current and ω n to the maximum current limited by the EMF and internal resistance of the battery).
When the motor is unloaded and the friction losses can be neglected, its steady rotation velocity is achieved when e = V. This relation defines the maximum rotation velocity for a given applied voltage. Since the back EMF is proportional to the rotation velocity, the steady rotation velocity of an unloaded lossless dc motor is proportional to the applied voltage. When the motor is loaded, the rotation velocity and the back EMF unavoidably decrease, so the current i in the winding and the input electric power P el increase. The input electric power equals The torque developed by the motor is proportional to the current i, while the rotation velocity to the back EMF e. Therefore, the mechanical power P produced by the motor should be proportional to ie. Equation (4) shows that the mechanical power equals ie. This term includes the power of friction losses. The equality P = ie can be derived directly from the theory of the dc motor (Smith 1984) . A strict relationship thus exists between the mechanical and electrical parameters of the motor.
In experiments with a motor, an important question is how to create a controllable load to it. A well-known approach is to use the motor for driving a dc generator and to determine the electric power produced by the generator (e.g. Kraftmakher 2001 , Ng et al 2009 . It is easy to change this power in a wide range and determine the friction losses. In the present experiments, the motor rotates a conductor subjected to magnetic braking. The torque provided this way is not determined directly; however, after the linear dependence of the torque on the rotation velocity is confirmed, the torque becomes available from the measurement data.
Experimental setup
One of the aims of the experiments is the observation of the motor operation immediately after a dc voltage V is applied to the rotor winding. In our case, this period lasts less than a second. Therefore, we use the ScienceWorkshop data-acquisition system with the DataStudio software from PASCO scientific.
The experimental setup is very simple (figure 2). The signal generator incorporated into the ScienceWorkshop 750 Interface feeds a low-power dc motor (Maxon 2326.939-22.111-006 model) . The resistance of the rotor winding is R = 13.7 . The shaft of the motor is connected to the shaft of the PASCO rotary motion sensor measuring the rotation velocity ω. Since it is difficult to precisely align the motor and the sensor, a soft connection is made between them. An aluminium disc, 1.2 cm thick and 4 cm in diameter, attached to the other end of the shaft of the sensor, is subjected to the magnetic field of two strong ceramic magnets, each 1.2 × 1.2 × 1.2 cm 3 in size. The magnets rest on an iron slab placed on the platform of a laboratory jack, so it is easy to change the distance between the magnets and the disc. With the magnetic braking, the load on the motor can be changed in a sufficiently wide range. To obtain maximum magnetic flux penetrating the aluminium disc, magnets are aligned as shown in figure 2. The current in the winding i is taken as the output current of the signal generator. DataStudio calculates the back EMF, e = V − iR, and displays the results of the measurements and calculations. In all the experiments, only two parameters are to be recorded, the current in the rotor winding and the rotation velocity. Other results are calculated from these data.
Measurements and results

The initial periods
In this experiment, DataStudio records the initial periods of rotation for different voltages applied to the motor. The signal generator operates in the auto mode: it creates the dc output voltage only after starting a run. The sample rate is 10 Hz, and each run lasts 5 s; the option automatic stop is used for this aim. The measurements are carried out for several values of the applied dc voltage, from 1 to 4 V. Though the calculations of e are only valid under the steady-state conditions, the records include data for transient conditions.
The data for voltages 2 and 4 V are presented here (figure 3). The graphs show how the current in the rotor winding continually decreases until the rotor attains a steady rotation velocity. For the unloaded motor, the steady current is nearly the same for both voltages because the necessary torque should only balance the friction forces. For the loaded motor, the steady rotation becomes slower, and the steady current increases. Second, the transient period needed for establishing the steady state becomes shorter. The rotational inertia of the system is constant, and the change in transients is caused by loading the motor. When the current in the rotor winding becomes significant, an additional torque brings the rotation velocity to its steady value in a shorter time.
The steady state for different loads
In the next experiment, the initial periods of rotation are recorded for a fixed applied voltage, 4 V, but different loads controlled by the magnetic braking. The latter is varied stepwise (figure 4). The steady values of the rotation velocity and of the current in the rotor winding are used for the calculations.
The torque and mechanical power
The steady current in the rotor winding, the back EMF and the calculated total mechanical power produced by the motor are plotted versus the rotation velocity (figure 5). The torque is proportional to the current. Therefore, the linear dependence of the current on the rotation velocity confirms the linear dependence of the torque on the rotation velocity. The proportional fit for the back EMF is used according to the model assuming a constant magnetic field produced by the stator and a constant resistance of the rotor winding. For heavy loads (that is, large currents), these assumptions are doubtful. First, the magnetic field produced by the winding may become significant. Second, the heating of the winding increases its resistance, while the back EMF is calculated assuming a constant resistance. Therefore, the deviations from the proportional fit are quite expectable. If the motor is mechanically caused to rotate, it becomes a dc generator providing an open circuit voltage strictly proportional to the rotation velocity. Such a generator can be used as a speedometer.
The total mechanical power P, including the friction losses, follows equation (3). For fitting purposes, the point of origin (ω = 0, P = 0) was added to the measurement data. With this addition, the fit equation is P (mW) = 7.6ω − 0.049ω 2 (ω is given in rad s −1 ). From the linear term of the fit, T s = 7.6 × 10 −3 N m. From the quadratic term, the rotation velocity for the unloaded motor should be ω n = 155 rad s 
The friction losses and motor efficiency
To determine the motor efficiency, it is necessary to take into account the friction losses. Their power depends only on the rotation velocity and can be determined by measuring the quantity P 1 = i 1 e 1 (the current in the rotor winding times the back EMF for the unloaded motor). The rotation velocity is changed by varying the applied voltage. The data (figure 6) are fitted with a linear fit, P 1 (mW) = 6.6 + 0.4ω (rad s
−1
). With this relation, DataStudio calculates P 1 values for the same rotation velocities that are observed for the loaded motor. The efficiency of the motor equals
where the P and iV data are related to the loaded motor; for each calculation, all the data are taken for the same rotation velocity. The maximum efficiency appeared to be nearly 0.6, which is a reasonable value for low-power motors.
Conclusion
The experiments with a dc motor are well related to university courses on electricity and magnetism and can be recommended as lecture demonstrations or laboratory works in undergraduate laboratories. One can see how the motor approaches its steady rotation and how its mechanical properties depend on the rotation velocity. For characterization of the motor, only two quantities are to be measured, the current in the rotor winding and the rotation velocity. The results obtained confirm the accepted model of the motor. Setups with a dc motor can be used for determining the viscosity of liquids. Like the magnetic braking, the viscous braking is proportional to the rotation velocity. Various modifications of the so-called rotational viscometer are widely used for practical needs. Experiments with such viscometers were proposed for student laboratories (Hibberd 1952 , Courbin et al 2005 . Experimentation with such devices seems to be a good theme for student projects.
